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Abstract. We show that the class of groups satisfying the K- and L-theoretic 
Farrell-Jones conjecture is closed under taking graph products of groups. 



A group G satisfies the K-theoretic Farrell-Jones conjecture with coefficients in 
additive categories if for any additive G-category A the assembly map (induced by 
the projection E\>c yc G —* pt) 

asmb^ : H°(E VCyc G; K A ) - H%( V t;K A ) 

is an isomorphism. There is an analogous L-theoretic version of the Farrell-Jones 
conjecture where the K-theory of A is replaced by the L-theory of A with decoration 
(— oo). We say that a group G satisfies the FJC if for any finite group F the group 
G I F satisfies the K- and L-theoretic Farrell-Jones conjecture with coefficients in 
any additive category. The Farrell-Jones conjecture is very powerful, in fact it 
implies many famous conjectures; for example the Bass, the Borel, the Kaplansky 
and the Novikov conjecture |LR05I . The Farrell-Jones conjecture for K-theory up 
to dimension one implies that the reduced projective class group K (RG) vanishes 
whenever R is a principal ideal domain. When R is the ring of integers the vanishing 
of Kq(ZG) implies Serre's conjecture, which claims that every group of type FP is 
of type FL. 

Given a simplicial graph T and a family of groups © = {G„|t> e VT}, the graph 
product r© is the quotient of free product ^„ e ^r G v by the relations [<?«,(?„] = 1 
for all g u e G u , g v e G v whenever {u,v} e ET. Basic examples are given by right- 
angled Artin and right-angled Coxctcr groups. 

Let C be the class of groups satisfying the FJC. The purpose of this note is to 
prove the following closure property for the class C. 

Theorem 1. The class C is closed under taking graph products. 

Since right-angled Artin and right-angled Coxeter groups are CAT(0)-groups they 
satisfy FJC by [BL121 Theorem B]. 

1. Preliminar.es 
Let us start by recalling some recent results. 

Proposition 2 ( [BLR081 [BFLTT1 IBL121 IBLRR12] !. The class of groups C has the 
following properties: 



(1) Word-hyperbolic groups belong to C. 

(2) CAT(0)-groups belong to C. 

(3) Virtually poly cyclic groups belong to C. 
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(4) The class C is closed under taking finite index overgroups. 

(5) The class C is closed under taking subgroups. 

(6) The class C is closed under taking directed colimits. 

(7) The class C is closed under taking direct sums. 

(8) Given any group homomorphism f : G — > H and assume that H £ C and 
f _1 {Z) £ C for any torsion-free cyclic subgroup Z of H. Then, G belongs 
to C. 

(9) The class C is closed under taking free products. 

Proof. The K-theoretic version without wreath products for hyperbolic groups was 
proved in [BLR08, Main Theorem]. The L-theoretic version without wreath prod- 
ucts for hyperbolic groups was proved in |BL121 Theorem B]. This generalizes to 
wreath products of hyperbolic groups with finite groups as explained in [BLRR121 
Remark 6.4]. 

First note that a wreath product of a CAT(0) group and a finite group also acts 
geometrically on a CAT(0) space. Thus it suffices to consider the setting without 
wreath product which was proved in |BL12[ Theorem B]. 

A wreath product of a virtually polycyclic group with a finite group is again vir- 
tually polycyclic. In [BFLTTJ Theorem 0.1] it was proved that virtually polycyclic 
groups satisfy Farrell- Jones. 

By [BFL111 Remark 0.5] the Farrell- Jones conjecture with finite wreath products 
passes to finite index overgroups. 

The remaining properties can be found in |BFL111 Theorems 1.7-1.10] without 
wreath products. Note that if H is a subgroup of G then H I F < G I F, and hence 
it satisfies FJC. 

We have for a direct system of groups (Gi)iej and a finite group F that (colim ie / G{)1 
F is isomorphic to coYrnii G i{Gi I F) and hence the FJC is also compatible with col- 
imits. 

Note that the wreath product of a direct sum by a finite group F embeds in the 
direct sum of wreath products of the factors by F, hence we obtain that the FJC 
passes to finite direct sums. Hence by the previous point we have that C is closed 
under taking arbitrary direct sums. 

Let / : G — > H be a group homomorphism such that H and f _1 {Z) satisfy the FJC 
for any torsion- free cyclic subgroup Z of H. Let V be a virtually cyclic subgroup 
of H. Then it has a finite index torsion-free subgroup Z. Thus f~ 1 (Z) has finite 
index in /^(V). So / _1 (V) also satisfies FJC by Q. 

The same argument given in |Kiih091 Lemma 3.16] for the fibered version of the 
Farrell- Jones conjecture applies to the FJC. 

Consider the surjection ir : G\ * G2 — > G\ x G2 and a torsion-free cyclic subgroup 
C of G\ x G2. Note that by[7]Gi x G 2 satisfies FJC and the subgroup 7r _1 (C) 
acts on the Bass-Serre tree of G\ * G2 with trivial edge stabilizers. Since for all 
g £ G\ * (j?2> G; ^ 71-1 (C) is either trivial or infinite cyclic, we have that 7r _1 (C) is 
a free group and hence it satisfy FJC by (fTJ). □ 

In order to prove Theorem[T]we need to show that the fundamental groups of certain 
graphs of groups satisfy FJC. 
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2. Some special graphs of groups 

Basic facts about groups acting on trees and graphs of groups can be found in 
|Ser80) . Let us briefly recall how it is possible to recover a presentation for the 
fundamental group of a graph of groups Q = (X,G'?,i* : G* C?t(*)). Pick a 
maximal tree T c X and pick an orientation of each edge that is not in T. Let L 
denote the set of those edges. Let F(L) be the free group generated by L and let 
t e be the generator corresponding to an edge e e L. Then n\{Q) is defined to be 
^xeV(x) G x * F(L) modulo the relations 

i e (g) = ie(g) for eeT',geG e t e i e {g)t^ 1 = i^(g) for e $ T,g e G e . 

Graphs of groups arise as quotients of groups acting on trees. The edge and vertex 
groups are given by the stabilizers. Every graph of groups arises uniquely in this 
way |Ser80[ Section 1.5.3]. The acting group is isomorphic to the fundamental group 
of the induced graph of groups. This is the statement of the fundamental theorem 
for groups acting on trees |Ser80l Theorem 13, Section 1.5.4]. Thus any subgroup 
of 7Ti(£/) inherits a decomposition as a fundamental group of a graph of groups. 

Definition 3. Let Q be a countable graph of groups where every vertex group is 
either trivial or infinite cyclic. Since the edge groups inject into the vertex groups 
they are also either trivial or infinite cyclic. For every infinite stabilizer G x of a 
vertex x pick a generator z x . Similarly, for every edge e with non trivial stabilizer 
G e let z e be the generator of G e . For such an edge e let n e e Z be defined by 

- / \ n e 

l e\ z e) — Z t ( e y 

A closed edge loop e±, . . . , e m where each edge group is infinite cyclic is said to be 
balanced, if 

m m 

\~[n ei = Y\ n ei- 

i=l i=l 

Note that picking different generators does not change balancedness since every 
minus-sign appears twice. The graph of groups is said to be balanced if every 
closed edge loop with infinite cyclic edge stabilizers is. 

Example 4. The Baumslag-Solitar group BS(m,n) = (a,b\b~ 1 a m b = a n ) is the 
fundamental group of a balanced graph of groups if and only if m = n. 

Lemma 5. Let Q be a finite balanced graph of groups with infinite cyclic vertex and 
edge groups. Then there is a central infinite cyclic subgroup N < tti{Q) such that 
wi(G)/N is isomorphic to the fundamental group of a finite graph of finite groups. 

Proof. For a vertex v pick a generator z v of G v < '""l(^) and let n := Oee_B(c?) ne - 
Let N := (z™) sg tt\(Q) for some vertex v. Let us first show that z™ is contained in 
every vertex group. Let v' be any vertex and let e\, . . . , e m be a path in T from v 
to v'. Now let us use the relations corresponding to those edges. Note that from 

[Ser80j we have z" = z ei ei = z t u\ ■ Now let ri; := "„" e ]"„" e2 ".' ra - e ' » by the definition 
of n we have that fhi is a non-zero integer and: 

_ fii _ „n 2 _ _ „B m 
Z v ~ Z t( ei ) ~ Z t(e 2 ) ~ ■■■ ~ Z v' ■ 

Thus 2™ is a power of z v < and so both elements commute. 
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Next we have to show that z™ commutes with all elements of the form t e for some 
e e L. Let e\, . . . , e m be a path in T from v to t(e) and let e' 1; . . . , e' m , be a path in 
T from v to i(e). Let us abbreviate 



_ n ■ n e ,n e2 . . .n^ , _, n • n e < TV, . . . n e 
m := 



and //' • ' ' ' 1 



^ei ■ ■ • "ei "ei 



as before. The path e\, . . . , e^/, e, e m , . . . , e% is closed and the balancedness condi- 
tion gives: 



Y\n e : )-n e - rQne, = fl' 




n- 

\i=l / \i=l / \i=l 

With the abbreviations from above this gives 
(2.1) n e n' m , = n^n m 

Analogously to the previous case we get 

( 2 ' 2 ) Z t(e) = Z v = z t (Jg) ■ 

Let us conjugate the first part by t e and use the relation 

(2-3) Uz^e 1 = 

which corresponds to e to get: 



In the first equality we used the left hand side of (|2.2I) . in the third equality 
the fourth equality uses (|2.ip and the last equality uses the right-hand side of (|2.2D . 
Thus z™ commutes also with all generators of the form t e and hence N is a central 
subgroup of ni(Q). Furthermore the argument from above showed that N is con- 
tained in any edge group. Now let us pass to the actions on trees. Let T" be the 
universal cover of Q. Let us show that N acts trivially. Let e e T" be some edge. 
Its stabilizer is some conjugate of some edge group G e c 7Ti(£/), say gG e g~ x for 
some g e 7Ti(£/). Since iV is a central subgroup of tvi(G) that is contained in each 
edge group G e a ti\{Q) we have N = gNg^ 1 cz gGeg^ 1 . So the action factorizes 
as k\{Q) —> tti(Q)/N —> Aut(T'). Especially note that the underlying graphs of 
iti(Q)\T' and (tti(Q)/N)\T' are the same. Thus tt\{Q)/N can also be expressed as 
a fundamental group of a finite graph of groups. The vertex and edge groups are 
G x /N. These are quotients of infinite cyclic groups by a nontrivial subgroup. Thus 
they are finite. □ 

Lemma 6. Let Q be a balanced graph of groups. Then ni(Q) satisfies the FJC. 

Proof. For the sake of simplicity we would like to define the fundamental group 
of a disconnected graph of groups as an assignment that assigns to any connected 
component the fundamental group of its graph of groups. First note that we can 
exhaust any graph by its finite subgraphs. Then its fundamental group will be 
the colimit of the fundamental group of the finite subgraphs of groups. So by 
Proposition[5J[5]) it suffices to consider a finite graph of groups with these properties. 
Next consider the subgraph consisting of all edges with nontrivial stabilizers and 
all vertices as illustrated in Figure 1. Let us show that the fundamental group of 
any connected component satisfies the FJC. Note that an edge with nontrivial 
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Figure 1. The dotted lines correspond to edges with trivial stabi- 
lizers and the lines correspond to edges with infinite cyclic stabiliz- 
ers. 

stabilizer can only connect vertices with nontrivial stabilizer. So the connected 
component of vertices with trivial stabilizers consists only of points and hence their 
fundamental group is trivial. 

Let us now consider a connected component C of a vertex v with nontrivial stabilizer. 
By Lemma we find a infinite cyclic subgroup N ^ tti(C) such that iri(C)/N is 
fundamental group of a finite graph of finite groups and hence virtually-free. So 
tti(C)/N satisfies FJC by Proposition OH} . Let us apply Proposition [2JJHJ) to the 
map / : tri(C) —* wi(C)/N. Since the kernel of / is infinite cyclic any preimage 
f~ 1 (Z) of a infinite cyclic subgroup Z of ni(C)/N will satisfy the FJC by being 
virtually abelian. 

Next we have to add edges to get the full graph. If we add an edge we either 
merge two connected components or add an edge to a single connect component. 
In the first case the fundamental group of the new component is the free product 
of the fundamental groups of the previous components. In the second case the 
new fundamental group is a free product of Z with the old fundamental group. 
In both cases the fundamental group of the new component satisfies the FJC by 
Proposition OH]). This completes the proof. □ 

The following criterion implies balancedness. 

Lemma 7. Let Q be a graph of groups where every vertex group is either trivial 
or infinite cyclic. Assume that for each edge e with infinite cyclic stabilizer there 
exists an homomorphism f e : Tti(G) — > Z such that f e \c c is nontrivial. Then Q is 
balanced. 

Proof. Let us again use the notation of Definition [3l Recall that an egde e' gives a 
relation in the fundamental group. If the edge is contained in the chosen maximal 
tree, the relation will be = z e' = z ™(e')- Otherwise it will be t^z^l,^, 1 = 

Zei = z™/,-.. Since the target of f e is abelian we get in both cases f e (^t(e')) n ^' = 




. . . , e m be a loop of edges with infinite stabilizers, and let 



hi 



in 



n 



:=Y\n- ei . 



i=l 



i=l 
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So we get: 

fe m {z t (e m )T = fe m {z t (el)f = fe m («t(ei ) ) ^ 



/e m Ot(«)) " ei = fe m (z t (e 2 )) 



fe m (Zt(e m) T- 



Since ^ fe m (z em ) = fe m { z t(e m )) nam this implies that n = n. So the circle 
ei , . . . , e m is balanced and since the circle was chosen arbitrarily, the graph of 
groups is balanced. □ 

Lemma 8. Given two groups Gi,G2 with corresponding automorphisms ipi,(f 2 . 
Suppose that the FJC holds for G\ x Vl Z and for G 2 x V2 Z. Then it also holds for 

(Gi x G 2 ) x ipi x V2 2. 

Proof. Projection to the first factor induces a homomorphism 

/ : (Gi x G 2 ) x VlX(p2 Z -► Gi x Vl Z. 

We want to use Proposition HUH]), the target satisfies the Farrell- Jones conjecture 
with wreath products by assumption. The kernel is isomorphic to G 2 and hence it 
also satisfies the FJC by Proposition [2J[3]). Let C be an infinite cyclic subgroup of 
Gi x Vl Z and let (g,m) be a generator. Then / _1 (G) is isomorphic to G 2 x^m Z. 
For m = the preimage / _1 (G) is just a direct product of two groups satisfying 
FJC. Otherwise /~ 1 (G) is isomorphic to the subgroup G 2 x V2 mZ and again by 
Proposition [2]j5]) it also satisfies the FJC. □ 

Lemma 9. Given two groups Gi,G 2 with automorphisms tpi,ip2- Suppose that the 
FJC holds for G\ x Vl Z anci /or G 2 x ¥ , 2 Z. T/ien it also holds for (G\ *G 2 ) x ipiSftp2 Z. 

Proof. We want to apply Proposition to the canonical homomorphism 

/ : (Gi * G 2 ) x M ^ 2 Z -> (Gi x G 2 ) x VlX1/ , 2 Z. 

The target satisfies the FJC by Lemma [HI The group G\ * G 2 acts on a tree T 
with trivial edge stabilizers and vertex stabilizers conjugate to G\ or G 2 . We can 
identify the set of edges equivariantly with G\ * G 2 where the action is given by left 
multiplication. The set of vertices can be identified with G\ * G 2 /Gi llGi * G 2 /G 2 
and the two endpoints of an edge are its cosets. We can extend the action to the 
group (Gi * G 2 ) x ipi4;ip2 Z on the tree T if we let the generator t of Z act in the 
following way: 

t-g := (pi * ip 2 (g) for an edge g, 
t ■ gd := ipi * ip 2 (gGi) = (pi * tp 2 (g)Gi for a vertex #Gj. 

The quotient of the tree T by the group (Gi * G 2 ) x VlH<((92 Z will be a segment 
since the quotient of T by Gi * G 2 is a segment and t does not swap the vertices. 
It is easy to see that this gives the following graph of groups decomposition for 
(Gi * G 2 ) x Vl * V 2 ^ : 



Gi x Z G 2 x Z 
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Now let G be an infinite cyclic subgroup of (Gi x G2) x VlXl/ , 2 ^- The kernel of / 
acts freely on T. So no nontrivial element from the kernel can stabilize some edge 
or some vertex. Restrict the group action to / _1 (G), then / maps injectively every 
stabilizer into G. So the group f~ l {C) can be written as the fundamental group 
of a graph of groups Q where every vertex group and every edge group is either 
infinite cyclic or trivial. 

Any infinite edge group is subconjugate to (1,Z) :g (G\ * G2) *<pi*ip 3 Z. So if we 
restrict the projection tt : Z (Gi * G%) X V1 * V2 Z — > Z to this edge group we get a 
nontrivial homomorphism. So Q is balanced by Lemma [7J Hence f~ 1 (Z) = it\{G) 
satisfies the Farrell- Jones conjecture by Lemma [6] This completes the proof. □ 

Let S be a Z-set and let G be a group. We define Gs ■= *ses G x Z where Z acts 
on *seS G by m ■ g s := g m s- Here g s denotes the group element g lying in the s-th 
copy of G. 

Lemma 10. For any Z-set S the group Gs satisfies the FJC whenever G does. 

Proof. Any Z-set is the disjoint union of its orbits. Furthermore, let S = {S' a S : 
S' is a finite union of orbits}, then we have: 

Gs = * G x Z = colim s , e 5 * G x Z . 

So by Proposition [2USI) it suffices to consider the case where S has only finitely 
many orbits. By Lemma O and Lemma [7] it suffices to consider the case of a single 
orbit only. 

If S is of the form Z/m then the finite index subgroup (* s( =z/mG) x mZ is iso- 
morphic to a direct product (* se z/ m G) x Z and so it satisfies the Farrell- Jones 
conjecture by Proposition and Proposition [H|3|. If S is of the form Z we get 
(* se z G) x Z s G * Z and it also satisfies the FJC by Proposition [2JJ7]). □ 

Lemma 11. Let T© be a graph product and v 6 V<8. Consider the graph Sj obtained 
by removing v from 25 and let tt : T0 — > TS] be the canonical surjection. Then, for 
every cyclic subgroup C its preimage 7r _1 (G) is isomorphic to %r@/rm G v x C where 
C acts on ^r&frm G v by permuting the free factors. 

Proof. By the argument given in the proof of [HR12[ Theorem 4.1] the kernel of 7r 
is isomorphic to *r®/r<nG v , where 9t is the full subgraph of of neighbors of v, 
and the isomorphism is given by ghrvt ^ 9 '■ The preimage 7r _1 (G) is isomorphic 
to ^re/ra^ij x G where G acts by conjugation on *r@/rmG v - Moreover, using 
the explicit isomorphism from above we get that G permutes the free factors. □ 

Proof. (Theorem [T]) Let v e V& and let ij be the graph obtained by removing v 
from 25. We apply Proposition [2jj8]) to the canonical surjection tt : TQ5 — * TS). The 
result follows immediately from an application of Lemma [TT] and Lemma 1101 □ 

Remark 12. Answering a long-standing open question Bestvina and Brady showed 
the existence of non-finitely presented groups of type FP BB97 . Given a non-trivial 
right-angled Artin group G associated to a flag complex L there is a canonical sur- 
jection (j) : G -» Z given by sending each generator to 1. Bestvina and Brady 
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proved that the finiteness properties of the kernel of <f> are dictated by the connec- 
tivity property of L and that the kernel of <f> is of type FP if and only if is of type 
FL. Now consider a graph product T© such that every vertex group G v surjects 
onto Z. These maps induce a surjection (f>v ■ T© -» Z and it would be interesting 
to study the finiteness property of the kernel of 4>v- Note that whenever the G v 's 
satisfy the FJC it follows from Theorem[T]and Proposition[2j[5]) that so does ker^y. 
Hence ker^y cannot solve in negative Serre's conjecture. However, there are many 
indicable groups for which the FJC it is unknown, some examples are given by 
non-abelian Baumslag-Solitar groups. 
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